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Introduction

The well-known algebraic structure is residuated lattice. BL-algebras, MTL-algebras,
MV-algebras, and so forth, are the best known classes of residuated lattices [4, 5]. Since
the algebra of truth values is no longer a residuated lattice, a specific algebra is intro-
duced and called an EQ-algebra [11] by Novdk and De Baets. EQ-algebras generalize
the residuated lattices which have three binary operations, meet, multiplication, fuzzy
equality, and a unit element. As it was mentioned in [7], if the product operation in
EQ-algebras is replaced by a other binary operation smaller or equal than the original
product we will still obtain an EQ-algebra, and this fact might make it difficult to obtain
certain algebraic results. For this reason, a new structure, called equality algebra similar
to EQ-algebras, but without a product, was introduced by S. Jenei in [1, 7]. An equality
algebra has tow basic binary operations (meet, equality) and a top element 1.

Filter theory plays an important role in studying these algebras. From a logical
point of view, various filters correspond to various sets of provable formulas. The sets
of provable formulas can be described by fuzzy filters of those algebraic semantics. Up
to now, some types of filters on special residuated lattices based on logical algebras have
been widely studied and some important results have been obtained, [1, 2, 6, 12, 13]. In
[10, 11], the notions of a prefilter (which coincides with filters in residuated lattices), a
prime prefilter, and a (positive) implicative prefilter in EQ-algebras were proposed and
some characterizations of them have been investigated.

In the first Chapter, we give a basic notions and definitions on ordered sets and

equality algebra and there proprieties needed in the sequel and we present some type of



filters.

In the second Chapter, we introduce some important results concerning positive im-
plicative filters and implicative filters in equality algebra.

In the third Chapter, we present some results concerning fantastic and Boolean filters

in equality algebra and we give some examples.



Chapter 1

Preliminaries

Abstract

In this Chapter, we recall some basic notions and definitions on ordered sets needed
in the sequel and we give the definition of equality algebra and their proprieties. Hence
we present the notions of filters in equality algebra. Moreover, the notion of congruence

relation and some proprieties are given.

contents

1.1. Lattices

1.2. Generalities on equality algebra

1.3. Filters in equality algebra,

1.4. Filters and congruence relations on equality al-
gebra



1.1 Lattices

A partial order (order for short) is a binary relation < over a set X which is reflexive
(a < a for any a € X), antisymmetric (a < b and b < a implies a = b for any a,b € X)
and transitive (¢ < b and b < ¢ implies a < ¢ for any a,b,c € X). A set with an order
relation is called an ordered set (also called a poset).

We shall be particularly interested in ordered sets (L, <) in which sup{x, y}, inf{x,y}

exist for all z,y € L.

Notation 1.1 We shall adopt the following neater notation : we write x V y (read as x
join y) in place of sup{x,y} when it exists and x Ny (read as x meet y) in place of

inf {x,y} when it exists.
Definition 1.2 Let (L, <) be an ordered set.
(1) If x Ny exist for all x,y € L, then (L, <) is called a meet-semilattice.

Definition 1.3 A meet-semilattice (L, \) is a non-empty set with a binary operations N

satisfying the following properties :

11) for everya € L, a =a A a,

12) for every a,b € L, a ANb="bAa,

13) for every a,b,c € L, (a ANb) ANec=a A (bAc),
Definition 1.4 Let (L, <) be an ordered set.

(1) IfxVy, x ANy exist for all x,y € L, then (L, <) is called a lattice.



Now we recall the definition of lattices.

Definition 1.5 A lattice (L,V, ) is a non-empty set with two binary operations N\ and
V satisfying the following properties :

L1) for everya€ L,a=aVa anda=aA a,

L2) for everya,be L, aVb=bVa andaNb=>bAa,

L3) for every a,b,c € L, (aVb)Vec=aV (bVec) and (aANb)Ac=aA (bAc),
L4) for everya,b€ L,a=aAN(aVDb) anda=aV (a D).

Lemma 1.6 Let L be a lattice and let a,b € L. Then the following are equivalent :
(i) a<b,

(ii) avb=1,

(iii) anb=a.

Distributive lattices

Lemma 1.7 Let L be a lattice. Then the following are equivalent:

(D1) (Va,b,ce L)y aN(bVe)=(aAb)V(aNc);

(D2) (VYa,b,ce L)aV (bAc)=(aVb) A(aVc).

Definition 1.8 Let L be a lattice. L is said to be distributive if it satisfies the distributive
law, (VYa,b,c € L) aN(bVc)=(aAb)V(aAc).



Filters and ideals

Definition 1.9 A non-empty subset F' of a lattice L is called a filter of L if for all
r,y €L

1. ifye F withy <z, thenx € F,
2. ifx,y € F impliesx Ny € F.

Definition 1.10 A filter F' of L is a prime filter if: xtVy € F impliesx € F ory € F

for any x,y € L.

Definition 1.11 A non-empty subset I of a lattice L is called an ideal of L if for all

r,y €L
1. ifyel withx <y, thenx €1,
2. ifx,y € I impliesxVy e l.

Definition 1.12 An ideal I of L is a prime ideal if: x ANy € F impliesx € F ory € F

for any x,y € L.



1.2 Generalities on equality algebra

Equality algebra

In this section, we recollect some definitions and results which will be used in this work

and we shall not cite them every time they are used.
Definition 1.13 [7/An algebra e = (E, A\, ~,1) of the type (2,2,0) is called
an equality algebra if it satisfies the following conditions, for all z,y, z € E:

(E1) (E,A, 1) is a meet-semilattice with the top element 1,
(E2) z~y=y~u,

(E3) z ~x =1,

(E4) 2 ~1 ==z,

(E5) s <y<zimpliesz~z<y~zandz~z<z~y,
(E6) v~y <(zAz)~(yAz),

(ET) z~y<(z~2)~(y~2).

The operation A is called meet (infimum) and ~ is an equality operation.We write
x < yifand only if z Ay = x, for all z,y € E. Also, two other operations are defined

and called implication and equivalence operation, respectively:

roy=an~(TAY) (1

re—y=(r—y) Ay — ) (IT)

If ~ coincides with «—, then an equality algebra is called equivalential. An equality

algebra (E,~, A, 1) is bounded if there exists an element 0 € E such that 0 < z, for
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all x € E. In a bounded equality algebra E, we define the negation “” on E by,
¥=x—0=x~0,foralzeE If () =z, for all x € E, then the bounded equality
algebra FE is called involutive. An equality algebra FE is called prelinear if 1 is the unique
upper bound of the set {z — y, y — x}, for all ,y € E. An equality algebra F is called
commutative if (z — y) -y = (y — z) — x, for all x,y € E. A lattice equality algebra

is an equality algebra which is a lattice, as well.

Example 1.14 Lete = (E = {0,a,b,¢c,1},A,V) be a lattice which defined by the tabeles

AlOjclalb|l VIO|lclalb|1l

0/0]0]|0|0 Olclalb]|1l
c|O0lclclc|c clclclalb|l
a|0lclalc|a alalalal|l]l
b |0|clc|b|b b |b|b|1|b]1
1{0flclalb]|1l 1 (11111

and define the operation ~ and — on E as follows

~10|lclal|b]|1 —|0fcla|b|l
0[1{0/0]0/0 0O |[1]1|1]1]1
c |0|1|blalc c [0J1 1|11
a |[0|b|l]c|a a |0]b|1]b|1
b |[Olalc|1]|b b |0jala|l]|l
1 10jcla|b|1l 1 |0jlclalb|1l

Then by routine calculation, we can see that (E, N\, ~,1) is prelinear equality algebra but

is not commutative, because (a —0) - 0=1#a= (0 — a) — a.



The following propositions provide some properties of equality algebras.

Proposition 1.15 [7/Let ¢ be an equality algebra and consider

r~(xAyNz) <z~ (xAy), (Eba)

r— (yNz) <z —y (E5a’)

Then (Eb) is equivalent to (Eba), which in turn is equivalent to (Eba’)

Proof. Assuming (E5), from zAyAz < x Ay, it follows that x ~ (xAyAz) <z ~ (xAy),
so (E5a) is obtained.

Assume (Eb5a). Referringtor <y <z,z~z=(zAyANz)~z<(zAy)~z=y~
z holds using (Fba), and x ~ z = (z Az) ~ 2 < (x AyAz) ~ (2 Ay) =z ~ y holds
using (£6). So (E5) follows. By (I) we immediately see the equivalence of (E5a) with
(Ebd’). m

Corollary 1.16 [7] In equality algebras we observe that (E6) implies

z~(xAy) <(xAz)~(@xAYyAz) (E5Db)

which is, by (I), equivalent to

r—=y<(zxAhz)—y (E5b?)

10



Proposition 1.17 [7/Let E = (E,A,~,1) be an equality algebra. Then the following
properties hold, for all x,y,z € E

() z~ry<zoy<z—oy,

(i) z < (z~y) ~y,

(iii) x ~y =1 if and only if x =y,

(iv) z—y=1landy -z =1 imply x =y,
(v) z<(z—y)—vy.

Proof. (i) Substitute z = z into (E6) to obtain x ~ y < x — y. Substitute z = y into
(E6) and use (E2) to obtain x ~ y <y — x. Hence, by (II), we obtain x ~ y < x < y.

(i7) Using (E4), (E7), (E2) and (E4), respectively, we obtain z =z ~ 1 < (z ~ y) ~
I~y =@~y ~y~1) =@~y ~y

(t7) Assume v ~y =1,z =2~ 1< (z~y) ~(y~1) <1~y <y, it follows
r<yy=y~1<(z~y ~@~1)<1l~zx<z, it follows y <z, s0x=y.

() (I) and (idi) yield e my=1< o~ (zANy) =1 =Ny S x <y, in the
same way we can show that y — r =1y < x.

(v) Using (i1), (I), (i), and (Ebal), we get © < (x ~ (x Ay)) ~ (zAy) < (z — y) —
(Ay)<(z—y)—y =

11



Proposition 1.18 [i/Let E = (E,A,~,1) be an equality algebra. Then the following
properties hold, for all x,y,z € E

(i) z—y=1if and only if x < y,

i) l-z=x,z—-1=1,2—2=1,
(iii) z <y — =z,

(iv) z<(z—y) -y,

(V) z—=y<(y—2)—(3—2),

(vi) e <y—zifand only if y <z — 2z,
(vii) 7> (g = 2) =y — (2 — 2).

Proof. (i) By proposition 1.17 (i). 2 — y =1, z ~ (x Ay) = 1, it follows that
x=(rAy),hencex <y.if x <y, thenzx y=x~(xAy)=x~z=1

(i)l mz=1~1Azx)=1~zx=20—1=1 2 — =1, the same.

(iii) x=1—-a2 < (1Ay) — x, (i7), (E5), follows that x <y — =.

(1v) By proposition 1.17 (i7) and (i) ¢ < (z~y) ~y < (r —y) — y. so x <
(z—y)—y.

ve—y=z~@Ay)=@Ay)~ve<(@Ay) ~(@AyAz)~ (@~ (@AyA2)

<S(@Ay) ~@Aynz) = (@~ (@AyAz) Sy~ YAz o~ (EA2) =y —
z— Tz

(vi) wehave r <y =y - 2 <2 — 2.y - 2=y~ (yAz) < (yhz) ~
(xAyNz) <z~ (xA2)=1— 2. 0<y— zit follows (y — 2) = 2z <x — 2, by (iv)
y<(y—z) —z<zr—zso0y<z— 2z

(vii) By (iv) we have x < (z — z) — z hence by (E5b/) we get © — (y — z) > ((x —
z) — z) — (y — z). Because of (v) the right hand side is at least y — (z — z). Thus
we get + — (y — z) > y — (¢ — 2) and analogously we can show thaty — (x — 2) >

x— (y — 2) too. m
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Proposition 1.19 [1/Let £ = (E, A\, ~, 1) be an equality algebra. Then, for all x,y,z €
E, the following statements hold:

Q) e<yimpliesy »z2<z—2z2,z—x<2z—>yY,

(i) z—y=2—(xAvy),

(iii) v =y < (z = 2) = (2 =),

(iv) z—y<(xAhz)— (yAz).

Proof.

(1) y—=2<(yANz)—z<x—z(E5).z—>y>z—(yANzx)=2— x.

(i) x my=a~(@xANy)<z—(zAy).andz — (zAy) >z~ (xANy) =2 —y.

(iii) x my=a~(zAhy) <z —(zAy) < (z—x)—>(z—=(zrAy), 2Ny <y z—

y<(z—2z)—(z2—vy).

() z my=x~(@ANy) <(zAz2)~(@AyAz) < (zAz)—= (zAyAz) < (zAz)—
(y A z), by (Eba), (Ebd).

Proposition 1.20 [1}] Let E be a lattice equality algebra. Then, for all x,y € E, the

following statements hold:
0 (zvy) —mz=(r—2)Ay—2),

(ii) z —y=(xVy) — vy

13



Proof. (i) Suppose that x V y exists. Since x < xV y and y < z V y, by Proposition
119 (i) (zVy) - 2 <z — zand (zxVy) — 2 <y — 2z Hence, (ztVy) — 2 is
a lower bound in E of {z — 2z, y — 2} . Let 0 be an author lower bound for the set
{r — 2, y— z}. Then, 6 <z — z and 6 <y — z by Proposition 1.18 (vi) x < § —
zand y < § — z, then x Vy < § — 2. Again by Proposition 1.18 (vi) § < (zVy) —
z. Then, (x Vy) — z is the infimum in E for the set {z — 2z, y — z}. It follows that
(xVy) = z=(r—=2)A(y—2)

(@) By (1) (xVy) my=@—=yYry—y =@ -y Al=r—y n

Proposition 1.21 [1}] Let E be a bounded lattice equality algebra. Then, for all x,y €
E, the following statements hold:

(i) = < (@),
(ii) (zVvy) =2"NY.
Proof.

(i) o1=(x—0), (2') = (x — 0) — 0 > z, from Proposition 1.18 (iv).

(ii) (zVy) =(xVy) - 0= (xr —0)A(y — 0) =a' Ay, from Proposition 1.20 (4).

Theorem 1.22 [14/Every commutative equality algebra is a lattice.

Theorem 1.23 [14/Any prelinear equality algebra is a distributive. lattice.
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1.3 Filters in equality algebra

Definition 1.24 [8/Let ¢ = (F,~,A,1) be an equality algebra and F be a non-empty
subset of E. Then F is called a deductive system or a filter of € if, for all x,y € E, we

have :

(F1) 1 e F,

(F2) ifx € F and z <y, then y € F,
(F3) ifre Fandoz ~y € F ,theny € F.

Denote by F'(e) the set of all filters of ¢ . Clearly, F((¢ ) is closed under arbitrary
intersections and {1} € F(¢ ), so (F (¢),C) is a complete lattice. A filter F' of ¢ is
called a proper filter if F' # E. It can be easily seen that, if € is a bounded equality
algebra, then a filter is proper if and only if it does not contain 0. A proper filter of ¢ is

called a maximal filter if it is not properly contained in any other proper filter of e.

Proposition 1.25 [1/Let € be an equality algebra. Then, F € F(e) if and only if, for all
xr,y €L,

(i) 1eF,
(ii) if x and ¢ — y € F, then y € F.

Proof. (=) (i)1 € F. By (F1).

(17) z,x — y € F,imply z, z ~ (x A y) € F, implies by (F'3) Ay € F,and zAy < y.
so, by (F2) y € F.

(<)(F1) 1 € F. By (7).

(F2) z, <y € F,implyx - y=2x ~ (zAy) =1, it follows that x — y € F. So
r,x —y € F. By (ii) ye F.

(F3) z, x ~y € F,imply z € F, and by (F6), t ~y < (zAz)~(xAy)=2z—y€E
F,theny e F. m
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1.4 Filters and congruence relations on equality al-
gebra

Definition 1.26 [1/Let ¢ = (E, A\, ~,1) be an equality algebra. A subset © of E X E
is called a congruence relation on E, if it is an equivalence relation on E and, for all
x,y,z,w € E such that (x,z2), (y,w) € O, we have (x ANy,z Aw) € © and (x ~ y,z ~

w) € ©. Denote by Con(e) the set of all congruence relations on E.

Proposition 1.27 [1/If E is an equality algebra, F' € F(c) and the relations ©%and
OF on E are defined by (v,y) € Oz < {v —y,y =2} C F and (z,y) €EOp S v~y E
F, then ©p, ©4 € Con(e), and O = OF.

Proof. The reflexivity and the symmetry of Op are trivially. For the transitivity of
Or let x,y,2z € E, such that (z,y) € O and (y,2) € Op, it follows that t ~ y € F
and y ~ z € F,sincex ~y < (y~z) ~ (x~z2)and F is a filter, then z ~ 2z € F.
Thus (x,z) € ©p. Therefore O is an equivalence relation. For all z,y, z,w € E such
that (z,2), (y,w) € Op, we have x ~ z € F and y ~ w € F, hence by (E6) we have
(xAy) ~ (zAy) € Fand (yAz) ~ (wAz) € F, it follows that (z Ay,z Aw) € ©
and (x ~ y,z ~ w) € O follows from (E7). Therefore ©r € Con(e). The reflexivity
and the symmetry of ©% are trivially. For the transitivity of © let z,y,z € E, such
that (v,y) € ©% and (y,2) € O, it follows that + — y € F and y — z € I, since
r—y=c~(@Ay)andy - z=y~(yAz) < (xAy)~ (xAyAz)and F is a filter,
then z ~ (xt AyAz) € F, hence v ~ (v A z) = x — z € F. Similarly we can show that
ify -r € Fandz—ye€F,then z — x € F, Thus (7,z) € ©%.Therefore ©+ is an
equivalence relation. For all z,y, z,w € E such that (z,z), (y,w) € ©%, we have v —
z=z~(@ANz)e Fandy »w=y~ (yAw) € F,hence (t ANy) ~(x Ay A z) € F and
(xANyAz)~(xAyAzAw) € F (by (E6) and ) we have (x Ay) ~ (x Ay A z) € F and
(xAyAz)~ (wAz) € F, it follows that (z Ay, zAw) €O¢. v = z=2~ (zN2) <
(x~y)~(y~(xAz))€F, and
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y—mw=y~yArw)<(y~@Az2))~(zA2)~(yAw)) e F.TIt follows (x ~ y) ~
((z A z2) ~ (y Aw)) € F, from (Eab) it is easy to see that (x ~ y, 2 ~ w) € ©. Therefore,
©4 € Con(e). m

Proposition 1.28 [I/Let E/F = {[z]/z € E}, where [z] = {y € E/(z,y) € Op}.The
binary relation <p on E/F which is defined by [x] <pg [y]| if and only if v — y € F is an

order relation on E/F.

Proof. Forallz € E, v mx =z~ (xAzx)=x~x=1€ F, hence [x] <p [z], so the
relation <p is reflexive. [z] <p [y] and [y] <p [z], then (z,y) € Op. so [z] = [y].For the
transitivity let z,y,2z € E, [z] <p [y] and [y] <p [z], * = y € F and y — z € F, since
r—oy=zxz~(@Ay)andy = z=y~ (yANz) < (zAy)~(rAyAz)and F is a filter,
then x ~ (x Ay A z) € F, hence by (E5a) x ~ (x A z) = x — z € F, therefore [z] < [2].

Theorem 1.29 [I/Let € be an equality algebra. Then there is a one-to-one correspond-

ence between F(¢) and Con(e).

Proof. Define p: Con(e) — F(eg) by ¢(0) = Fg for all © € Con(e). Let (x,y) € O.
Since (y,y) € O, it follows that (z ~ y,y ~ y) € O, so (x ~ y,1) € O.1t follows that
x ~y € Fg, hence (z,y) € Op,, that is, © C Op,.

Conversely, if (z,y) € Op,, then (x ~y,1) € ©,s0 ((z ~y) ~x,1 ~ ) € O, that is,
((x ~y) ~a,x) € O. It follows that (((x ~y) ~x) Ay,x Ay) € O, that is, (y,z Ay) €
©.Similarly (z,x Ay) € O, so (z,y) € O, that is, Op, C O. Hence © = Op,.

Let ©1, O2 € Con(e) such that p(01) = p(03). It follows that ©; = Ore, = Ore, =
©,. Consider F' € F(g). We have : x € F if and only if z ~ 1 € F if and only if
(x,1) € Op if and only if x € €g,., hence F' = (O ). We conclude that ¢ is a one-to-one

correspondence between F'(¢) and Con(c). m

Theorem 1.30 [3/Let (E, N, ~,1) be an equality algebra and F' € F(e). Then (E/F,~p
,AF, 1r) is an equality algebra, where for every x,y € E, 1p = [1], [x] ~F [y] = [ ~ y],

[Z] AF [y] = [z Ayl
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Theorem 1.31 [1/An equality algebra (E, N, ~,1) is equualential if and only if for all
nye B, x~y=@~(@Ay) Ay~ (@Ay).

Proof. (=) equvalential (~ conncide with «—) from definition z «— y = (z — y) A

(y—x)=(@~@Ay))A{y~(@Ay)=2~y.
(Slr~y=@@~@@Ay)ANy~@@Ay)=@@ -y A(ly—z)=c—y =

18



Chapter 2

(Positive) Implicative filters in

equality algebra

Abstract

In this Chapter, we present the notions of positive implicative filters and implicative

filters in equality algebra. And some proprieties of them are given.

contents

1.1. Positive implicative filters
1.2. Implicative filters
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2.1 Positive implicative filters

In this section, we give some characterizations of positive implicative filters

and give the relaions between them.

Definition 2.1 [1/Let F' be a non-empty subset of E such that 1 € F. Then F is called
a positive implicative filter if v — (y — z) € F and x — y € F imply v — z € F, for all

r,y,2 € E.

The following examples give an example of positive implicative filters in equality

algebras.

Example 2.2 Let (F = {0,a,b,1}, <) be a chain. Define the operations ~ and — on E

by
~(0]al|b|1 —|0]la|b]|1l
0/1(0(0]0 0O (1]1]1]1
a|0|1l|lala a |011]1]1
b|10|la|l]b b |0la|l]l
110la|b]|1 1 ]0falb|1

By calculations, we can see that (E, N\, ~,1) is an equality algebra and F' = {1,b} is

a positive implicative filter of E.
Lemma 2.3 [1/Any positive implicative filter of E is a filter.

Proof. Let x,x -y € F. Thenl — (r - y)=2 —y € Fand 1 - x =z € F. Since

F' is a positive implicative filter, y =1 — y € F. Hence, I is a filter of £. =

Remark 2.4 In the following Example we show that a filter in equality algebra is not

necessarily a positive implicative algebra.
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Example 2.5 Let (E ={0,a,b,c,d,1},A,V) be a lattice defined by the following tables

ANlO0jal|lb|c|d|1l VIiOlal|blc|d]|]l

0(0]0[0|0]O0 Olal|blc|d]|1l
a|0flal|bl|d|d]|a alalalalllall
b |0[b|b|O|0]D b|bla|b|l]a]l
c|0]d|0|c|d]c clc|l]|1l|c|lc]|l
d|0|(d|0|d|d|d d|ld|alalc|d]|]1l
110lalblc|d|l 1{1/1]j1|11]1

and define the operations ~ and — on E by

~10la|blc|d|1l —|0jlal|b|c|d]|1l
0 |1|d|c|blal0 O |[1|{1]11]1]1
a lla|d|c|a a |d{1l]lalc|c]|]1
b |cla|l1|0|d]|Db b |c|l1]1l|c|c]|l
c |bld|0|1l]a]|c c |blalb|l]all
d|0la|b|c|d|l d |la|l]la|l]|1]1
1 |0falblc|d]|l 1 |0fla|b|c|d|1l

Then, by calculations, we can see that (E,A,~,0,1) is an equality algebra and F =
{1,c} is a filter, but it is not a positive implicative filter. Because a — (a — 0) =c € F

anda —a=1€F,buta—0=d¢F.

Proposition 2.6 [1/Let F' be a non-empty subset of E. Then, for all x,y,z € E, the

following statements are equivalent:

(1) F is a positive implicative filter of E,

(i1) F is a filter and if v — (x — y) € F , thenx — y € F,

(i1i) F is a filter and if z — (y —» x) € F', then (z = y) — (z = ) € F,
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(w) 1€ Fandifz€ F and z — (v — (x — y)) € F, thenx — y € F.

Proof. (i) = (ii) Let F be a positive implicative filter. Then, by Lemma 2.3, F' is a
filter of E. If 2 — (z — y) € F, since v — = =1 € F and F is a positive implicative
filter, z — y € F.

(i1) = (i1i) Let z — (y — z) € F. By Propositions 1.18 (vii), 1.19 (i) and (i),
z—=(z—=((z—y) —a)=2—-((2—y) —-(2—2) >2z— (y — x). Since F is a
filter and z — (y — x) € F,we get z — (2 — ((z — y) — z)) € F. Then, by assumption
z — ((z = y) — x) € F . Thus, by Proposition 1.18 (vii), (z — y) — (2 — x) € F.

(73i) = (iv) Since F'is a filter, 1 € F. If z € F and z — (v — (x — y)) € F, then
x — (z — y) € F. By assumption, (z — z) — (r - y) € F,andsoz — y € F.

(iv) = (i) Let 2z —» (y — z) € F and z — y € F. By Proposition 1.19 (i),
z—(y—1z)<(z—y)— (2 = (2 — x)).Since F is a filter and z — (y — z) € F, we

—

have (z = y) — (2 — (2 = z)) € F. Then, by (iv),z >z € F. m

Lemma 2.7 [1/Let F be a filter of E. Then the following properties hold:
(i) z~yeFandy~z€ F implyxr ~z€F,
(ii) r—yeFandy —z€ F implyr — z € F.

Proof. (i) Ifx ~y € Fand y ~ z € F, then by (E7) and (E2), 2 ~y < (y ~ 2) ~
(x ~ z). Since F is a filter, (y ~ 2) ~ (x ~2) € F,andsoz ~ z € F.
(i) If v - y € Fand y — z € F, then by Proposition 1.19 (iii), y — 2z < (v — y) —

(x — z). Since F'is afilter, (z - y) - (r = 2) € F,andsox — 2 € F. ®m

Proposition 2.8 [1/Let F' be a filter of E. Then F' is a positive implicative filter if and
only if, forallz, y € E,(x N(x —y)) —y € F

Proof. (=) Since z A (z —y) <z —yand z A (x — y) < x, we have (z A (z — y)) —
(x —y)=1€ Fand (xA(z —y)) - x=1¢€F . Since F is a positive implicative
filter, (z A (x - y)) —y € F.
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(<) Let 2 — (y — 2) € F and x — y € F. By Proposition 1.19 (iv), z — (y — 2z) <
(xAy) — (yA(y — 2)). Since F'is a filter, (x Ay) — (yA(y — 2)) € F. By Proposition
1.19 (i1), z -y < x — (x Ay) € F, and so by Lemma 2.7 (ii), v — (y A (y — 2)) € F.
By assumption, (y A (y — 2)) — z € F. Thus, by Lemma 2.7 (ii), x - 2 € . =

Corollary 2.9 [1/Suppose F and G are two filters of E and F C G. If F is a positive

implicative filter, then G is a positive implicative filter, too.

Proof. By Proposition 2.8, forall z,y € F, [z A (z — y)] — y € F and since F' € G, then
AN (z—y) —yeG. =

Corollary 2.10 [1/Every filter of E is a positive implicative filter if and only if {1} is a

positive implicative filter.
Proof. By Corollary 2.9 the proof is clear. =

Proposition 2.11 [1/Let F be a filter of E. Then F is a positive implicative filter if

and only if every filter of equality algebra E/F is a positive implicative filter.

Proof. Let F' be a filter of E. Then by Proposition 2.8, F' is a positive implicative filter
of E if and only if for any x,y € E, (z A (x — y)) — y € F, if and only if [(z A (z —
y)) — y] = [1] if and only if, for every z,y € E, ([z] Ar ([x] —F [y])) —F [y] = [1] if and
only if, by Proposition 2.8, {[1]} is a positive implicative filter of E/F' if and only if, by
Corollary 2.10, every filter of E/F is a positive implicative filter. m

Proposition 2.12 [1/Let F' be a non-empty subset of E. Then F is a positive implicative
filter if and only if, for any a € E, F, = {x € E/a — x € F} is the least filter of £

containing F' and {a}.

Proof. (=) Suppose that I is a positive implicative filter of F and a € E. Since
a—1=1€F, 1€F, Ifx, x >y€ F,,thena -2 € Fanda— (z — y) € F.

Since F' is a positive implicative filter, we have a — y € F', and so y € F,. Therefore,
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F is a filter of E. Now, let x € F. By Proposition 1.18 (iii), * < a — x and = € F,
then « — z € F, and so, x € F,. Hence, ' C F,. Moreover, a — a = 1 € F', then
a € F,. Thus, FU{a} C F,. Let G be a filter of E such that F U {a} C G C F,. Then
a—x € F CG, for every x € F,. Since G is a filter and a € G, x € G. Thus F, C G,
and so F, = G. Hence, F, is the least filter of £ containing F' and {a}.

(<) Let z,y € E. If + — (x — y) € F, then v — y € F,. Since F, is a filter
containing {x}, we have y € F,, and so x — y € F. Thus, by Proposition 2.6 (ii), F' is

a positive implicative filter. m

2.2 Implicative filters

Definition 2.13 [1/Let F' be a non-empty subset of E. Then F is called an implicative
filterif l€ Fand if z— ((rt —y) = x) € F andz € F, thenx € F, for all z,y,z € E.

The following example shows that implicative filter in equality algebras

exists.

Example 2.14 Let (E = {0,a,b,¢,1},<) be a chain whre 0 < a < b < ¢ < 1. Define

the operations ~ and — on E by

~[0lal|b|c|]1 —|0jalb|c|1
0[1/0]0]|0|0 O (1]1]1|1]1
a |0]1|b|b|a a [0]1]1|1]1
b|{0O|b|1l|c|b b |0[b|1]1]|1
clO0lblc|l]c c|0[blc|1]|1
1{0la|b|c|1 1 10jla|blc|1

Then, by routine calculations we can see that (E,~, A, 1) is an equality algebra and

F ={1,a,b,c} is an implicative filter of E.

Lemma 2.15 [1/Any implicative filter of E is a filter.
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Proof. Let x, x — y € F,thenx — y =2 — ((y — 1) — y) € F. Since F is an

implicative filter, y € F. Hence, F' is a filter. m

Example 2.16 In Ezample 2.2, F = {1,b} is a filter which is not an implicative filter.
Because 1 — ((a — 0) — a) € F, but a ¢ F.

Proposition 2.17 [1/Let F be a filter of bounded equality algebra E. For all x,y,z € E,

the following statements are equivalent:

(1) F is an implicative filter of F,

(ii) (z = y) — x € F implies v € F,

(iii) o’ — x € F implies x € F,

(iv) e = (¥ —»y)eFandy — z€ Fimplyxr — z € F,
(v) 2= (y —y) € F impliesx —y € F.

Proof. (i) = (ii) Let (xt — y) — x € F. Then, by Proposition 1.18 (ii), (x — y) —
r=1— ((r ->y) —2) € Fand 1€ F. Since F' is an implicative filter, x € F'.

(7i) = (i) Suppose z € F and z — ((r — y) — x) € F. Since F is a filter of F,
(x - y) — x € F and by (ii), z € F.

(17) = (iti) If 2’ - x € F, then 2’ — = (r — 0) —» = € F and by (ii), v € F.

(17i) = (ii) Let (x — y) — x € F. Since 0 < y, by Proposition 1.19 (i), (z — y) —
< (r —0) - x=21"— x. Since F is a filter of £, 2’ — = € F, and so by (iii), x € F.

(i7i) = (iv) Let x — (¢’ — y) € Fandy — z € F. By Proposition 1.18 (vii) and (vi),
r— -y =Z—-(r-y)<(z—y) —(r—2) - (2 = (r— z)). Since F is a
filter, (z »y) = (r — 2)) = (' = (x = 2)) € F. Sincey —» 2 < (x = y) — (v — 2)
andy — z € F, (t = y) — (x — 2z) € F. Thus, by Proposition 1.25, 2/ — (z — z) € F.
Since 2/ = (x — 2) < (v — 2)) = (v — 2),(x — 2) = (x — 2) € F, and so by (iii),
xr—z€eF. ()= (v)Ifx — (yy — y) € F, then it is enough to choose z = y in

(1v).Sincey »y=1€ F.x -y € F.

25



(v) = (iti) f 2’ - o € F,then 1 — (¢/ — z) € F. Thus, by (v),z=1—-z € F. n

Proposition 2.18 [1/Let F be a filter of bounded equality algebra E. Then F is an

implicative filter if and only if (v’ — ) — x € F, for any z € E.

Proof. Suppose that F is an implicative filter. Let o = (2’ — z) — x, for x € F. Then
o —a = (a—0) —«

(' - x) - x) —0)— ((¢' = 2) — x), by Proposition 1.18 (vii)

— 1) — x) — 0) — ), by Proposition 1.18 (v)

(

= (@ —=2) = (=
(
(

> (= a) —a)—0) >
= (((z' - 2)—2)—0)— (z—0), by Proposition 1.18 (v)
> z— ((2/ —1z) — ), by Proposition 1.18 (wvii)

Hence, o/ — a € F, and so, by Proposition 2.17 (iii), o € F.

Conversely, suppose (r — y) — = € F. Since 0 < y, by Proposition 1.19 (i),
r—0<z—y Thus, (r »y) w2z <(r —0)—>zx=12"—x Since (v - y) -z €F
and F is a filter of F, 2’ — = € F. Also, by assumption, (¢’ — z) — = € F. Then,
x € F. Thus, by Proposition 2.17 (i7), F' is an implicative filter. m

In the following, we investigate the relation between positive and implicative filters.
Theorem 2.19 [1/Any implicative filter of E is a positive implicative filter.

Proof. By Proposition 2.8, it is enough to prove that (z A (z — y)) — y € F, for all
xz,y € E. For this, x A (x — y) <z, z A (z — y) <x — y and, by Proposition 1.19 (i),
eA(x—y)<z—oy<(zA(z—y) =y Thus, (A (z—y) 2y 2y < (zA(z—
y)) =y, and so (((z A (x = y)) = y) = y) = (#A(x —y) —y)=1€F. Since F'is
an implicative filter, by Proposition 2.17 (ii), (x A (x — y)) —y € F. m

The following example shows that not every positive implicative filter of E is an

implicative.
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Example 2.20 In Example 2.2, F = {1,b}is a positive implicative filter which is not an
implicative filter. Because, (a —0) —a=1€ F, buta’ ¢ F.

Theorem 2.21 [1/Let F' be a positive implicative filter of bounded equality algebra E.
Then F is an implicative filter if and only if (x — y) — y € F implies (y — x) — x € F.

Proof. Let F' be an implicative filter of £ and (r — y) — y € F, for any z,y € FE.
Since < (y — x) — =z, by Proposition 1.19 (i), ((y — z) - z)) <2/ =2 —- 0 <
x — y. Then, by Proposition 1.19 (i), (x — y) — y < ((y — z) — )’ — y. Since
y<l—2) > (y—2) =2 >y < (y—2) —2) > (y — 2) - 2). Thus,
(x =y »y<(y—2z)—2)—(y— ) — x). By Lemma 2.15, F' is a filter, then
((y = z) = x) — ((y — x) — x) € F. Hence, by Proposition 2.17 (iit), (y — x) — = €
F.

Conversely. Let F' be a positive implicative filter and ' — x € F. By Propositions
1.21 (i) and 1.19 (i), 2’ — = < 2’ — 2”. Since F'is a filter, 2’ — 2" € F. By Proposition
2.6 (ii), ' — 0 € F. By assumption, we have (0 — z) — = = = € F. Hence, by

Proposition 2.17 (iii), F' is an implicative filter. m

Corollary 2.22 [1/Let F be a positive implicative filter of bounded equality algebra E.

Then F' is an implicative filter if and only if ¥ € F implies © € F.

Corollary 2.23 [1/In every involutive equality algebra, implicative filters and positive

implicative filters coincide.

Lemma 2.24 [1]If E is a bounded lattice equality algebra and for every x € E, xVa' =1,
then = Az’ =0.

Proof. Let # V2’ = 1. Then, by Proposition 1.21 (i) and (i7),

AN <2 N2"=(xVa)=1=0. Thus,g Az’ =0. m
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Notation 2.25 If E is involutive, then the converse of Lemma 2.24 holds.

Letz A ' = 0. Then, by Proposition 1.21 (ii), x V2’ = (z Va')" = (' AN2") =
(' ANx) =0 =1

Proposition 2.26 [1/If F is an implicative filter of E, then every filter G of E which

contains I’ is an implicative filter.

Proof. Let F be an implicative filter. Then, by Theorem 2.19, F' is a positive implicative
filter. Thus, by Corollary 2.9, G is a positive implicative filter. Suppose (z — y) — y €
G. By Theorem 2.21, it is enough to prove that

(y — x) — = € G. For this, letu = (r - y) > y. Sinceu — (r —y) »y)=1€F
and F' is a positive implicative filter, by Proposition 2.6 (iii), (v — (x — y)) — (u —
y) € F. Then, by Proposition 1.18 (vii), (z — (v — y)) — (u — y) € F. SinceF is an
implicative filter, by Theorem 2.21, ((u — y) — x) — = € F. Thus, ((u — y) — =) —
x € G. By Proposition 1.18 (iv) and (v), (z = y) =y < ((z - y) = y) = y) —y =
(u—y) =y <

(y—z)=((u—y)—z)<((u—y) —=2z)—2)—((y = 2) > 2)

By assumption,G is a filter, and so (((u — y) — z) —» z) — ((y — z) — z) € G.
Since ((u — y) — x) — = € G, we have (y — x) — = € G. Hence, G is an implicative

filter. m

Proposition 2.27 [1/In any bounded equality algebra E, the following conditions are

equivalent:

(1) {1} is an implicative filter,

(ii) every filter of E is an implicative filter,

(iii) F(a) = {x € E|r > a} is an implicative filter, for any a € E,
(iv) (r —y) sz =ux, foradlz,y€FE,
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(V) zvar=1,
(vi) 2t — x ==z,

Proof. (i) = (ii) By Proposition 2.26, the proof is clear.

(1) = (zii) Since {1} is an implicative filter, by Theorem 2.19, {1} is a positive
implicative filter. Since, for any a € E, 1 > a, we get 1 € F' (a). Let x,x — y € F(a).
Then @ -z =1and a — (z — y) = 1. Thus,a — y =1, and so y € F(a). Hence, F(a)
is a filter. By (ii), F'(a) is an implicative filter.

(13i) = (i) Since (x — y) — = € F((r — y) — x), by,(iii) F((x — y) — x)
is an implicative filter. Then, by Proposition 2.17 (ii),x € F((z — y) — ), and so
x> (x — y) — x.Also, we have x < (r — y) — x. Hence, z = (x — y) — x.

(iv) = (v) At first, we prove that F is a commutative equality algebra. For this,
let z,y € E. Then, by (iv) and Proposition 1.18 (v), (y = 2) -z = (y — z) — ((z —
y) — x) > (r — y) — y. By a similar way, (r — y) — y > (y — x) — x. Thus, F is
commutative, and so, by Theorem 1.22, E is a lattice such that zVy = (z — y) — y.
Hence, by (iv), ava' = (2’ - 2) »2=((r—0)—z2) mzr=0—z=1

(v) = (vi) By Proposition 1.20 (i) and (v), 2’ oz =(zVa') —-ax=1—2=u.

(vi) = (iv) Since ' < x — y, by Proposition 1.19 (i), 2’ — 2 > (x — y) — =.
Then, by (vi),z > (x — y) — x. By Proposition 1.18 (iii), + < (z — y) — z, and
sox=(r—vy)—

(v) = (i) Assume that (v) holds, then the condition (vi) holds. Thus, by Proposition
2.18,{1} is an implicative filter. m

Theorem 2.28 [1/Let F' be a filter of E. Then the following conditions are equivalent:

(1) F is mazimal and implicative filter,
(17) F is maximal and positive implicative filter,

(1ii) v,y ¢ Fimplyx -y € F andy — x € F, forallx,y € E.
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Proof. (i) = (ii) By Theorem 2.19, the proof is clear.

(17) = (ii1) Suppose F' is a positive implicative filter and =,y ¢ F. By Proposition
2.12, F, is the least filter containing /' and y, that is, F ; Fy C E. Since F' is a
maximal filter, F'y = E. Then z € F,, and soy — x € F. By a similar way, since
x¢ Fx —y€eF.

(13i) = (i) Suppose F' is not an implicative filter. Then, by Proposition 2.17 (i),
there exist x,y € F such that (zr - y) 2z € F,andx ¢ F. If y € F,sincey <z — y
and F is a filter, v — y € F. Thus, x € F, which is a contradiction. If y ¢ F, then by
(1ii), © — y € F, since F is afilter and (x — y) — x € F,x € F', which is a contradiction.
Hence, F' is an implicative filter. Now, we prove that I’ is a maximal filter. Let G be a
filter of E such that FF C G C E and a € G\ F. Since F, is the least filter containing F
and a, we have F C F, CG C E. Let u e E. Ifu € F, thenu € F,. If u ¢ F, since
a ¢ F, then a — u € F. By Proposition 2.12, v € F,. Thus, F, = FE, and so G = E.

Hence, F' is a maximal filter. m

Corollary 2.29 [1/Let F be a mazximal filter of E. Then F is an implicative filter if and

only if F' is a positive implicative filter
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Chapter 3

Fantastic and Boolean filters in

equality algebra

Abstract

In this Chapter, we give the notions of fantastic and Boolean filters in equality algebra.
Hence we present some properties of them. Moreover, the notion of prime filter in equality

algebra is given.
contents

1.1. Fantastic filters
1.2. Boolean filters
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3.1 Fantastic filters in equality algebra

In this section, we introduce the notion of fantastic filters of equality algebras and give

some properties of them.

Definition 3.1 [1/A non-empty subset F' of E is called a fantastic filter if

(1) 1€ F,

(i1) z— (y —x) € Fand z € F imply (r —y) > y) >z € F,forall z,y,z € E.

Example 3.2 Let (E ={0,a,b,c,1},A,V) be a lattice with the following

AlOjclal|b|l VIO|lc|alb|1l
0/0]0]|0|O0 Olclal|b]|1
c|0jclc|lc|ec clclclalb]1l
a|0|lclalc|a alalalall]|l .
b |0|c|c|bl|b blblb|1]b|1
1{0fclalb|1l 1{1}j1f1]11

Define the operations ~ and — on E by

c |01 alc c |01 |1]1]1
a |[0|b|1l]cla a |0]b|1]b]|1
b |[0Olalc|1]|b b |0]jala|l]l
1 |0jcla|b|1l 1 [0Ojlclalb]|1l

Then, by routine calculations, we can see that (E, N, ~,1) is an equality algebra and

{1, a,b,c}is a fantastic filter.

Lemma 3.3 Any fantastic filter of E is a filter.

32



Proof. Let z, z — z € F. Since 2 — (1 - x) = z — x € F and F is a fantastic filter,

we have ((r — 1) — 1) > x =z € F. Hence, F is a filter. m

Example 3.4 Let E be an equality algebra as Example 3.2. By routine calculations, we
can see that F' = {1,a} is a filter which is not a fantastic filter. Because, 0 - b=1¢ F,
but (b—0) —0)—b=>b¢ F.

Proposition 3.5 [1/Let F' be a filter of E. Then the following conditions are equivalent:
(i) F is a fantastic filter of E,

(ii) y — x € F implies ((x —y) —y) >z € F, for all z,y € E,

(iii) if F is a lattice, then ((x - y) —y) — ((y > ) = x) € F, for all z,y € E.

Proof. (i) = (ii) Suppose that F' a fantastic filter and y — = € F. Let z = 1. Since
l-(y—zr)=y—zxzeFandleF ((rt—y) —y —zeF.

(77) = (i) Since F is a filter, if z — (y — x) € F and z € F, then y — x € F. Thus
by (ii),(z = y) = y) ~z € F.

(i1) = (i17) Let E be a lattice. By Proposition 1.20 (i), (zVy) — y =z — y and
y— (xVy)=1¢€ F, for any x,y € E. Then, by (i), (((zVy) - y) = y) — (zVy) € F,
and so ((r — y) — y) — (¢ Vy) € F. Moreover, by Proposition 1.18 (7i7) and (iv),
r<(y—2z) zxandy < (y » x) - x. Thus, z2Vy < (y — x) — x, and so
(xVy) — ((y = x) —» x) =1 € F. Then, by Lemma 2.7 (ii), ((zr — y) = y) — ((y —
x) —x) € F.

(17i) = (i1) Let z,y € Eand y — x € F. Since (y — z) — (((r = y) = y) — x) =
(x = y) —vy) — ((y — ) — x) € Fand F is afilter, we have ((z — y) — y) —» x € F.

[ |
Corollary 3.6 [1/In a commutative equality algebra, any filter is a fantastic filter.

Proof. By Theorem 1.22 and Proposition 3.5 (iii), the proof is clear. m
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Proposition 3.7 [1/Suppose F' and G are two filters of E and F C G. If F' is a fantastic
filter, then so is G.

Proof. Let y — x € G, for any z,y € E. By Proposition 1.18 (vii), y — ((y — z) —
z)=(y—x)— (y—x)=1€ F. Since F is a fantastic filter, ((((y — z) — z) — y) —

y) — ((y — x) — x) € F C G. Thus, by Proposition 1.18 (vii), (y — z) — (((((y —

8

)
)
) = x) —y) —y) — x) € GSince G is afilter and y — 2z € G, (((y — z) — z) —
y) — y) — x € G. By Proposition 1.18 (v) and (vii), (((y — z) = z) = y) = y) —
D)o (g —y 20 2o (o2)—2)=(y—2)— (o2 =1€G.
Since G is a filter, ((((y — 2) = =) = y) = y) = 2)) = (t = y) = y) = 2) €G,

and so ((z — y) — y) — = € G. Hence, G is a fantastic filter m

Corollary 3.8 [1/Every filter of E is a fantastic filter if and only if {1} is a fantastic
filter.

Proposition 3.9 [1/An equality algebra E is commutative if and only if {1} is a fantastic
filter.

Proof. (=) Suppose E is a commutative equality algebra. Since {1} is a filter, by
Corollary 3.6, it is a fantastic filter.

(<) Let a = (y »2) - o, forz,y € E. Theny - a=y — ((y —» x) — x) =
(y — z) — (y — ) = 1. Since {1}is a fantastic filter, ((« — y) — y) — a € {1}.
Since = < «, by Proposition 1.19 (i), (0« = y) = y) —» a < ((r — y) — y) — a. Then
(x —y) -y —a=1andso (r - y) —y < (y — x) — x. By a similar way,

(y — x) — 2 < (x — y) — y. Hence, E is commutative. m

Proposition 3.10 [1/Let F be a filter of E. Then F is a fantastic filter if and only if
every filter of E/F is a fantastic filter.

Proof. (=) Suppose F is a fantastic filter of £ and z,y € E such that [x] —ply] =
[1].Then, x— y € F. Thus, (y — z) — 2) -y € F , and so (([y] —r [z]) —F [2]) —F
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[yl = [((y — =) — x) — y] = [1], which proves that {[1]} is a fantastic filter of E/F .
By Corollary 3.8, every filter of E/F is a fantastic filter.

(<) Let 2,y € E such that © — y € F. Then [z] —F [y] = [1]. Since {[1]} is a
fantastic filter of E/F, we have [((y — ) — z) — y| = [1], and so ((y — x) — z) —
y € F. Thus, F' is a fantastic filter of £. =

Corollary 3.11 [1/Fis a fantastic filter of E if and only if E/F is a commutative equality

algebra.

Proof. Let F be a filter of E. By Proposition 3.10, Corollary 3.8, and Proposition 3.9,
F is a fantastic filter of F if and only if every filter of E'/F is a fantastic filter if and only
if {[1]}is a fantastic filter if and only if £/F is a commutative equality algebra. m

Theorem 3.12 [1/Any implicative filter of E is a fantastic filter.

Proof. Let F' be an implicative filter of ¥ and y — x € F. Since z < ((z — y) —
y) — z, by Proposition 1.19 (i), (((z — y) — y) — ) — y < =z — y. Then, by
Proposition 1.19 (i), (((z = y) = y) = 2) = y) = ((z = y) = y) = 2) = (@ —
y) = ((z — ) — 4) — 1), by Proposition 118 (vil)= ((z — y) — 4) — ((z —
y) — z), by Proposition 1.19 (iii) > y — x By Lemma 3.3, F' is a filter, and so,
((z —y) —y) —x)—y) — (((r = y) = y) = ) € F and, by Proposition 2.17 (i),
((

rT—y) —y —rEF. m

Example 3.13 Let (E = {0,a,b,1},<) be a chain whre 0 < a < b < 1. Define the

operations ~ and — on F by
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By routine calculations, we can see that (E,~,A,0,1) is an equality algebra and
F = {1,b} is a fantastic filter, which is not an implicative filter. Because, (a —

0)—a=1€F, buta¢ F

Notation 3.14 In Ezample 2.2, F' = {1,b} is a positive implicative filter, but it is not
a fantastic filter. Because 0 — a=1¢€ F, but ((a — 0) — 0) - a =a ¢ F. Moreover,
in Example 2.5, G = {1, c} is a fantastic filter, but it is not a positive implicative filter.
Because a — (a — b) =1 € G, but a — b= a ¢ G. This shows that positive implicative

and fantastic filters do not coincide, in general.

Theorem 3.15 [1/F is an implicative filter of E if and only if F' is a positive implicative
filter and fantastic filter.

Proof. (=) By Theorems 2.19 and 3.12, the proof is clear.

(<) Let 2,y € E and (r — y) — = € F. By Proposition 1.18 (v), (z — y) —
< (r —vy) — ((r = y) — y). Then, by Lemma 2.3, F' is a filter,(z — y) — ((x —
y) — y) € F. Since F is a positive implicative filter, by Proposition 2.6 (ii), (x — y) —
y € F.Moreover, by Propositions 1.18 (iii) and 1.19 (i), (r — y) — « < y — . Thus,
y — x € F. Since F' is a fantastic filter,((z — y) — y) = z € F. Since(x - y) —»y € F
and F is a filter, z € F'. Hence, by Proposition 2.17 (i7), F' is an implicative filter of E.

3.2 Boolean and prime filters in equality algebras

In this section, we introduce the notions of Boolean and prime filters in

equality algebras and investigate some of their properties.

Definition 3.16 [1/Let E be a bounded lattice equality algebra. A filter F' of E is called
a Boolean filter if, for all x € E,x VvV x/ € F.

Example 3.17 Let E be an equality algebra as in Example 3.2. By routine calculations,
we can see that F' = {1,a,b,c} is a Boolean filter of E.
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Theorem 3.18 [1/Suppose E is a bounded lattice equality algebra and F is a filter of E.
Then F' is a Boolean filter if and only if F' is an implicative filter.

Proof. (=) Let F' be a Boolean filter. Then for any z € E, xva' € F. If 2/ -z € F,
then, by Proposition 1.20 (ii), (zV2') - 2= (z —» 2) A (' — 2) =2’ — x € F. Since
F'is a filter, x € F.

(<) Suppose F' is an implicative filter. Sincex’ Az” < 2’ < 2’V x, by Proposition 1.21
(17), we have (x V') — (zVa') = (2’ AN2") — (x V') =1 € F. Hence, by Proposition
2.17 (iii), V2 € F. m

Corollary 3.19 [1/Suppose E is a bounded equality algebra. Then E is a Boolean algebra
if and only if {1} is a Boolean filter.

Proof. From Proposition 2.27 and Theorem 3.18, the proof is clear. =

Corollary 3.20 [1/Each Boolean filter of a bounded lattice equality algebra is a positive

implicative and a fantastic filter.

Proof. By Theorems 2.19, 3.12, and 3.18, the proof is clear.The following example shows

that the converse of Corollary 3.20 may not be true, in general. m

Example 3.21 (i) In Example 2.5, F' = {1, ¢} is a fantastic filter, but it is not a Boolean
filter. Because, aV a' =a ¢ F .

(17) In Ezample 2.2, G = {1,b} is a positive implicative filter, but it is not a Boolean
filter. Because, aV a' =a ¢ G.

Corollary 3.22 [1/In any bounded commutative equality algebra, implicative, positive

implicative, and Boolean filters coincide.
Proof. By Corollary 3.6, Theorems 3.15, 1.22, and 3.18, the proof is clear. m

Definition 3.23 [1/A proper filter F' of E is called a prime filter if vt — y € F or
y—x €F forallz,y e E.
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Example 3.24 In Example 3.2, {1,a},{1,b}, and {1,a,b,c} are prime filters.

Theorem 3.25 [I/Let F' be a filter of lattice equality algebra E. Then the following

statements are equivalent:

(i) F is a maximal and Boolean filter,

(ii) F is a mazimal and positive implicative filter,

(ii) z,y ¢ F implyx -y € F andy — x € F, for allx,y € E,
(iv) F is a prime and Boolean filter,

(v) F is a proper filter such that x € F or 2’ € F, for every x € E.

Proof. By Theorems 3.18 and 2.28, the proof of (i) = (ii), (i) = (i), and (dii) =
(i) are clear.

(1) = (iv) Suppose F' is not a prime filter. Then there existz,y € F such that
x—y¢ Fandy — x ¢ F. Since z <y — x and F is a filter, x ¢ F. By Proposition
2.12, F, is the least filter containing F’ and x. Also, by assumption, F' is a maximal filter,
and so F, = E.Thus, y € F,, and so x — y € F, which is a contradiction.

(iv) = (v) Let F be a prime and Boolean filter. Then, for any z € E, © — 2/ € F
orx’ —x € F. If v — 2’ € F, then, by Proposition 1.20 (ii), (x Va') — 2/ = (z —
YN (2 — 2') =2 — 2/ € F. Since F' is a Boolean filter, ' € F. By a similar way,
if/ - x € F, thenz € F.

(v) = (i) Let F' be a proper filter such that satisfies (v). If x € F, then z vV 2’ € F.
If x ¢ F, then by (v), 2’ € F, and so z V 2’ € F. Hence, F' is a Boolean filter. Now, we
prove that F' is a maximal filter. Let G be a proper filter of F such that F C G ; E.If

x € G\ F, then 2’ € F, and so 2’ € G. Hence, 0 € GG, which is a contradiction. m
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Theorem 3.26 [1/Let F' be a proper filter of prelinear equality algebra E. Then the

following statements are equivalent:
(i) F is a prime filter,
(ii) for each x,y € E, ifxVy € F, thenx € F ory € F,

(iii) E/F is a chain or equivalently <p is totally ordered.

Proof. (i) = (i) Suppose F'is a prime filter and 2 Vy € F. Since F is prelinearly, (z —
y)V(y — x) =1 € F. Since F is prime, + — y € F, by Proposition 1.20 (7),
(xVy)—y€F. Thus,y € F.

(17) = (i4i) Since E is prelinear, by (ii), ©+ — y € F ory — x € F. Thus, I is a
prime, and so [z] <p [y] or [y] <p [z]. Hence, E/F is a chain.

(i7i) = (ii) The proof is clear. m

Corollary 3.27 [1/Let F be a proper filter of prelinear equality algebra E. Then F is a
prime filter if and only if E/F is a chain.
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Conclusion

In this study, the notions of equality algebra and there proprieties are given. Therefore, we
proposed the concepts of (positive) implicative, fantastic, and Boolean filters in equality
algebras and presented a several properties of them. The relations between these filters

and quotient structures which are constructed via them are given.
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